The main objects of the present paper are, first, to show th at the general theory of the first paper can be extended to include the effects of such surfaces of discontinuity and, second, to discuss the bearing of the general results obtained in the particular problems discussed by Wagner, and others in extension of his w ork; and thereby to test the validity of the formulae now used in practice, the various terms in which have been obtained by diverse devices, all indirect and often involving contradictory physical assumptions and approximations.
1-2-To obtain a complete comparison with the known theoretical results we have included here also an analysis, on the lines of the previous paper, of the more usual and familiar statical problem, th a t is, the case where the cylinder is a t rest in a uniform stream. In order to facilitate the discussion of the trailing wake problem, we have also solved as a preliminary step the simple case of the motion outside the cylinder at rest, which arises from the presence in the fluid of a single-line vortex parallel to its generators. I t may not be useless to emphasize the directness of the solutions obtainable by the new method of approach. Whereas, in the past, practically all results in this theory have been obtained by indirect methods involving at times a con fusing mixture of mathematics and physics, the new method makes a direct division between the two stages of any problem of this character; the first, the analytical or geometrical problem of the transformation of the cylinder cross-section on to a circle, which in the present discussion is assumed accomplished, and the second, the purely physical problem when this cylinder is the boundary.
Full references to the existing work in this subject are given in detail in the second volume of Aerodynamic Theory by Durand (1935) , and our own references are mainly to the various sections in th a t book which deal with the specific problems we have under review.
2-The general aerofoil in a uniform stream 2* 1-The aerofoil is considered as existing in a uniform stream in which the undisturbed velocity components, referred to any rectangular axes, are U, V .
In addition we shall consider the effects of a circulation of intensity K round the cylinder.
Using the notation of " I " , the undisturbed potential is where Q0 -W = U + iV and W = The general transformation for the aerofoil being 2 = c^ a 7 7 = 0 we have Q0 in terms of £ as follows: 00 f j 0 = W c ^ a n < t » -W
= 0
When the cylinder is introduced into the stream the new potential function must be such th at it reduces to its original form at infinity, oo, and must also be purely real on the surface of the cylinder, t j = 0, which is the stream line \]s -0. Now Qq contains two types of terms: 00 F id) = W c 2 "e<»-V£ 7 7 = 1 and F2(Q = which are distinguished by their behaviour at infinity. F±(Q is such that it tends to zero at infinity and has a conjugate which diverges there, whilst F2(Q diverges at infinity and has a conjugate which tends to zero there. To form a new potential function Q from Q0, which is purely real when = 0, we might simply add the conjugate of all the terms in Q0, but the additional terms must reduce to zero at infinity, where the presence of the cylinder is unnoticed. If we add, however, the conjugate of i^(£) we are adding terms which diverge at infinity, so we must adopt the alternative and remove F^Q altogether, and add the conjugate of F2(C). We write therefore
which is a potential function satisfying all the conditions of the problem. I t may be of some interest to notice th at it only contains the first two coeffi cients in the expansion of 2, so th at in effect it is practically the same for all types of cylinder.
2*2-W ith a circulation K round the aerofoil we then have
and now we can calculate the components of the force on the aerofoil by means of the usual contour integral formulae
The change of sign in converting the integral from the z to the £-plane arises from the fact th at the convention we have adopted th a t ?/ = +oo corresponds to z = +oo makes the direction of the circulation in the two planes opposite to one another. This accounts also for the unusual sign in the term in K * Picking out the constant term in the product of (dQ/dQ2 and (dz/d^)-1, which is the only term which contributes anything in the integral, we derive for the complex force The first and last terms are of course purely imaginary and contribute nothing to the couple.
3-The line vortex outside the cylinder
3-1-Let us now consider the motion in the liquid surrounding the cylinder when a line vortex is situated outside the cylinder, say at the point z8, thus generalizing some results obtained by Bickley (1929) for the simple case of a circular cylinder.
The undisturbed velocity potential of the stream due to the line vortex of strength m passing through the point is
The cylinder being defined as before by the transformation 00 z = c^ a n 0 ; 77 = 0 the undisturbed potential in terms of £ will be
iijs is the point in the £-plane corresponding to zs be written in the form
where F(£) is a polynomial in exp(^) whose conjugate diverges at infinity Proceeding along the lines sketched above we find the new potential function when the cylinder is placed in the stream to be simply
The force and couple on the cylinder depend on the value of dQ/d£, which in this case is found to be This integral can be completed in a simple contour integral in the £-plane, round the rectangular contour with sides £ = 0, 2n, oo: the integrand has the same value at two corresponding points ii] and 2ti + irj, so th at the integrals along £ = 0 and ^ = 2 tt cancel out. The behaviour at infinity is also obviously regular, so th at the value of the integral is obtained directly from the residues at the poles contained in the contour. But the only pole inside is at £ = £s, and thus we have to evaluate the residue there. Writing £ = £s + t ,where t is small, we have approximately
where dashes denote differentiation with respect to £, so th a t This result can be recast in a form which displays its full physical significance. The actual velocity of the liquid in the neighbourhood of the vortex, excluding the large motions due to the swirling of the vortex itself, is
Thus the components of the force have the value
The first or main part of the force represents the reaction between the stream of the vortex and the stream induced by the cylinder, whilst the second is the purely intrinsic term which is actually equal to the centrifugal force on the mass of liquid which occupies the space of the cylinder in the free vortex stream . I 3-3-In reality the vortex will move with the liquid in its neighbourhood unless constrained somehow to remain at rest. But, if the vortex moves, there are other terms in the pressure equation, and these contribute to the expression for the components of the force a term 
I n=l n-1 )
We also have dz = \ -i c^( n -1)ane-(w-1)lMd£, { «=o I so that the integration of the product round the contour of the cylindergiven by the constant term in the integrand alone-is simply
Thus in all
3*4-To find the steady motion terms in the couple on the cylinder we again use the contour integral. The couple is, as we have seen, the real part of
The integral being completed in the usual contour integral in the £plane, the only pole is at £ = £s, and we have again to evaluate the residue there. Writing £ = + t,where t is small, the above inte approximately Apart from the factor zs which is present we see th a t the only additional introduced is imaginary and therefore does not affect the value of the couple. Our result therefore is th a t the couple is the real part of
just as if the force is applied from the position of the vortex. In the above case the steady motion terms in the couple are therefore the real part of pmzs W8 m 2pzs
The acceleration terms due to the velocity of the vortex are the real part of
The real part of the above will therefore be But with the notation of " I " we have, on the cylinder, Taking only the real part, the couple is therefore It is easy to see th a t these results agree with those obtained by Bickley for the circular cylinder.
4-1-In this paragraph we shall give a general formulation of Wagner's discussion of the effect of a surface of discontinuity (vortex sheet) on the motion of a general cylinder.
We assume then th a t the cylinder is moving with velocity components u, v and angular velocity oj ; th a t there is a circulation K round it, and a trail ! of vortices forming a vortex sheet with a section along a curve s in the co-ordinate plane, from a point z = z0 o assume th at the strength of this sheet is ms at the typical point, so th at the element ds of the curve about th at point is equivalent, in effect, to a line vortex of strength msds. Owing to the difficulty arising from the existence of a finite circulation extending to infinity, we shall assume th at the total circulation associated with the sheet just balances the circulation round the cylinder, or th a t by superposing the velocity potential of the vortex motion on th at given in " I " for the remaining liquid m otion: it is therefore where Qa is the velocity potential, obtained in " I ", of the fluid motion due to the cylinder alone, without circulation or vorticity: and £s denotes the value of £ at the typical point on the wake curve.
We must now choose the circulations in such a way that there is zero or finite velocity of the liquid at the trailing edge: mathematically this means 4-The trailing wake problem
The complete velocity potential of the fluid motion can of course be obtained that dQ/dti must be zero at the same point of the boundary curve as dz/d£. If this point is £ = 'Q, this means th a t (dOg\ _______Sinh ds ___ t 2 n J*#2 n \cosh rjs -cos (^ -£s) or, using the condition of zero total circulation,
This equation defines the dependence of the vorticity in the discontinuity surface on the motion of the cylinder: it must, however, be emphasized th a t in reality, like every complex equation, it involves a double condition. This point is im portant, as it shows th a t it is impossible to satisfy the condition of finite velocity at a sharp trailing edge in general by assuming a simple it circulation.
| ds = 0, 4-2-To calculate the components X , of the force on the cylinder we use our previous formula for the pressure:
and the couple about the origin, in the same way, is the real p art of pzdz. J C As we have seen in " I ", when the conditions are steady, the contribution of the fluid pressures to the components of the force is given by
and the couple by the real part of
But these two forms have to be generalized when there are accelerations by the addition of terms in the accelerations and variations in the circulation, and the strengths and positions of the vortices. The acceleration terms and th at due to a rate of change of circulation are identical with those obtained in " 1 ", so we have merely to evaluate now the forces due to the Vol. CLXIV-A.
variation in the strengths and positions of the vortices, these all being superposable.
4-3-Consider first a single vortex of strength at the point £s. The extra acceleration terms in the integral for the components of the force will be
In our case this becomes, as before,
We have seen in paragraph 3-3 th a t the first integral gives
In the second integral the exponentials are again such th a t their moduli are less than unity, on the cylinder, and we can therefore expand the logarithm in the form
Also, on the cylinder, r/7 00^ = -i c 2 ( n -l )a w« H -W , a<s n = 0 so *that the constant term in the product is i c\ a Q an l n 2 or -i{zs -cdx -cd0 e1 '^ + cd0 .
The integral is therefore -pms ds{zs -cdx -ca0 + ca0 e1^}.
Thus, assuming a trail of vortices, the contribution to the components ol the force due to the variations in the positions and strengths of the vortices will be -P I msVK + icdo(L e^s ~ 4 e^) ] ds' J Z0
-p j ms[zs -cdx -cd0 + cd0 ds. J Zo 4.4-w e have now to calculate the steady motion terms. These are, as ve have seen, given by
The terms aid cosh 7js -cos(£-£3)
vre calculated as in " I " and give the same results as there obtained, except hat, as noticed before, the signs must be reversed. The terms introduced >y the circulation and wake are of two types. There are first the two terms
The first integral is easily evaluated, whilst in the second the two exponentials ooth have, on the cylinder, where £ is real, a modulus less th an unity, so hat the quantity in square brackets can be expanded in series. Using also he form z = c{u0e^ + u1 + a 2e_^+ ...}, ve see a t once th a t the integral with respect to £ in the second term is simply -2nicoc(d0 + al + d2 e~1^ + ...) = --cdQ e^« -cdx + cd0 e^ o th at altogether this term contributes to the complex force
ceeping now all the terms in Q together for convenience. This integral in 'I " was assumed to vanish. Now however dQ/dz has poles all along the vake, and at the zero of d z j d£ . We have however so chosen the wake streng md the circulation th at dQjdC, is zero when £ is zero, so th at the 24-2 pole has been removed. To calculate the value of the integral we treat it again as a contour integral in the £-plane-the contour being a rectangle with sides £ = 0, 7 ) = 0 ; £, = 2n, rj = oo-and then the value is equal t sum of the residues at the contained poles, th a t is, along the trace in this plane of the wake curve. To find the sum of the residues our simplest plan is to surround the wake-curve trace by a double fine along it, up on one side and down on the other, and in this way it is seen th a t the value of the integral is Qx being the value on one side of the wake and on the other side. But on the wake d& 2 j d/12 Thus, finally, including the terms found in "I ", we have the complete expression for the components of the force on the cylinder: Thus finally, including the terms found in " I ", we have for the couple the expression These formulae are all quite general. Beyond the underlying fundamental hydrodynamical assumptions and those relating to the shape and con stitution of the wake, no restrictions have been imposed in the derivation. They therefore represent the forces and couples on the general cylinder under a generality of conditions which seems the utmost attainable in this theory: all that therefore remains is their interpretation.
5-The thin aerofoils with thickness and camber
5-1-The general formulae we have now obtained are rather too complex to convey directly any idea of their physical significance. To examine their bearing on the practical problems of aerodynamics it is necessary to con sider their form in certain special cases approximating more or less to those realized in practice. Of course, as the fundamental hydrodynamical assump tions represent an ideal theoretical limit never really attained in practical problems, we can only expect our formulae to give, in general, rough estimates indicating the order of magnitude of the effects and their general tendency, so there is little except academic interest in developing them beyond a mere first approximation.
As the possibility of obtaining direct solutions has in the past been very limited, the discussions of the general effects we have now under investigation have been made mainly under the assumption th at the aerofoil is a flat plate. This, of course, is a first approximation to the practical shape, but it is one that, in reality, fails to account for the detailed characteristics of the air flow with which we are now more directly concerned. These charac teristics are rather the result of two further properties of the aerofoilits blunt fore-end and accompanying thickness, and its camber-and it is necessary therefore in a complete theory to take these into account. Various attem pts have been made in the past to obtain estimates of the influence of these factors on the behaviour of the aerofoil, but the indirect and rather piecemeal method of procedure adopted is, as we shall see by comparison with results obtained by our direct method, not entirely free from criticism.
In the next section of this paper it is proposed therefore to obtain and discuss the first approximation to the previous general results when they are applied to a nearly flat plate, but with a small fore-end thickness and camber. The two effects will be dealt with separately; the effect of thickness in a symmetrical aerofoil, and the effect of camber in a thin aerofoil in the shape of a circular arc of small angle. The main (long axis) of the section of the aerofoil cylinder will be assumed in both cases to be the axis of x in the co-ordinates on the cross-section plane, so th a t the thickness and camber are both represented by small variations in the y co-ordinates of the section curve.
The previous necessity for deriving results indirectly from the statical case has restricted the derivation of formulae for any but approximately rectilinear motions of the aerofoil, and in a direction to which it can be only slightly inclined. While our discussion is not so far restricted in this way, the detailed examination of the effect of the trailing wake becomes very difficult in any other case. We shall therefore follow the usual practice and assume for the moment th at the aerofoil is moving with a finite velocity V in the direction inclined to the axis of a; at a small (variable) angle of attack a. We also assume that the aerofoil has a transverse velocity U over and above this main forward velocity, and also an angular velocity a>( = 6c), but th at these are so small th a t we can neglect their squares and products. Thus in our final formulae we shall writê =Fcosa; v = F sin ot-Under these circumstances we know from experience th at the trailing wake is very approximately straight back along the path of the trailing edge; and as the effect of the wake is of the order of the angle of attack a, the slight inclination of this wake line to the axis of x in our co-ordinate system can also be neglected.
5-2-Let us take first the case of the symmetrical aerofoil. This is a special case of the thin aerofoil discussed in " I " and is defined by the transformation 3 2 = c ^ anen^> n= 0 where a0=l+e; ax -e;a2 = 1 -e; -and e is real and so small th a t we can neglect its square. W ith these values for the a's we have to a first approximation b0 = 2; b 1 = e; & 2 = 1; b3 = -e ; );
and also A = 2; B
Our assumptions about the trailing wake mean th a t it leaves the trailing edge at the point £ = t ta nd th a t it lies along the line £ = Actu -from the origin-along this line can be interpreted in terms of by the formula (£s = 7 T + iys) -zs = s = 2c cosh 7js + 2ce sinh 7}s{ 1 + cosh tjs -sinh tjs).
The components of the force on the cylinder due to the fluid pressures in this case are therefore given by
To a first approximation, since ms itself is small, we can neglect in the integrals the thickness of the aerofoil; th a t is, we assume, with Wagner, that the aerofoil is a flat plate; we have then in this term The couple is similarly
pi pi + pc2 ms i]s cosh 2tjs ds -2 rns sinh rjs ds,
where we have again neglected e in the integrals. Of course the total circulation determined by the constant K is small of the same order as the total wake strength which it balances, so th a t the term Kpce in the expression for the force is also negligible. Thus our first conclusion is th a t to a first approximation a (symmetrical) small thickness has no effect whatever on either the force or couple exerted on the cylinder. 5-3-Before discussing the other terms let us now obtain the corresponding results relating to the aerofoil with small camber and no thickness. The aerofoil in the shape of a circular arc of small camber proportional to e is defined by the transformation (Durand 1935, p. 299 and the couple r ,
These results again show th a t to a first approximation, when we neglect the products of the small quantities e, a> and co, a small (symmetrical) camber has no effect on the lift force or drag, although it affects the couple when there is acceleration. This agrees with the results obtained by Burgers in Durand (1935, p. 301) .
To compare the two it is perhaps better if we interpret our results, which are now practically identical in the two cases, in terms of the U, V, and a of Burgers' work. W riting as stated above 
where the term in e in the couple is missing in the case of the symmetrical aerofoil. Burgers gives the result for the lift in a form which apparently shows an effect of camber, but his notation is slightly different from ours, his a being our a + e. 5-4-The im portant difference between the results we have obtained and those given by Burgers is in the effect of the wake. Basing himself on the result obtained in the statical theory, Burgers obtains in the lift force the term p K V for the component due to the circulation and vorticity., In our formula this component appears as i .
P\ msVs cosh Yjsds, or if we use Vs = f/s sinh tjs as the velocity of the wake particles relative to, and away from, the trailing edge, as rzi -p\m sVs doth, rj Sds. J 2c I t is, however, an added assumption in this work th a t the vorticity in the wake, once it is created and leaves the trailing edge, remains stationary in the fluid. This amounts to assuming th a t Vs or th a t the force component we are discussing is ms coth rjsds.
But as cotli r/s > 1 for all positive values of we have J5 ms coth 7 jsds If ! J 2 msds K , so th at now the lift force is actually greater than pK V. In other words the wake vorticity with the same resultant circulation is more effective than simple circulation round the cylinder in producing lift ( is of course of the opposite sign to K and the negative sign merely balances this). The effectiveness of the wake circulation may of course be reduced if the particles-as seems probable-do not have the full relative velocity V assumed in this form of the lift term, th a t is, if instead of remaining actually at rest in the liquid they moved towards the aerofoil. If they moved in the opposite direction their effectiveness would, of course, be increased.
Although the effects are negligible in the final approximations, our formulae differ also in one other im portant aspect from those usually given. The complex force due to the wake circulation has, when there is no angular velocity, no appreciable component parallel to the motion. In other words the lifting effect of the circulation is produced without any appreciable corresponding drag. This distinction between the effect of the wake and the effect of a simple circulation, where this component would be represented by a term pK (V cc-U), is lost sight of in the statical treatm ent, where the effects of the wake and the effects of the circulation are separately handled.
Our conclusion, and with this we shall be content for the present, is that with the exception of this influence on the lift, of the circulation or the wake, our general discussion confirms all the results obtained by previous methods, but it has the advantage over those methods in th a t it derives all the results in one direct discussion, and gives precise information as to the nature of the approximations involved at each stage. In a further note it is hoped to be able to develop further aspects of these and similar problems to a somewhat greater degree of approximation. At present the discussion is being carried out in detail for the Joukowski aerofoils for which the general formulae assume simple finite forms.
Summary
The discussion of our solution of the problem of a general cylinder moving in liquids is generalized to include the effect of a vortex-sheet wake ex tending backwards in the liquid from a trailing edge. Assuming the wake to be of any shape and to have associated with it a total circulation which is equal and opposite to th a t of the main circulation round the cylinder, general formulae are derived for the potential function of the fluid motion and the resultant of the fluid pressures on the cylinder boundary.
As steps in the analysis, the solutions of the problem of this general cylinder at rest (i) in a uniform stream, (ii) in a stream due to an external line vortex parallel to its axis, are solved in detail.
The general formulae are then examined in their approximate form under conditions analogous to those assumed for the particular problems whose solutions are already known, with the object (i) of determining the first order effects of camber and thickness and (ii) of verifying the approximate theoretical results now used in practice. The result th a t the camber and thickness have no effect on the force (lift or drag), and only a small effect on the couple when there is acceleration, is verified but in a form which shows the precise conditions governing the degree of approximation involved.
Our result for the lift arising from the circulations, however, differs from th a t usually given. I t is shown th a t under the usual conditions assumed for the wake, the lift force produced is greater than th a t produced by the corre sponding simple circulation, and th a t this greater lift is attained without the drag which accompanies it in the simple circulation.
